Abstract. We prove that the skew Calabi-Yau property is preserved under normal extension for locally finite positively graded algebras. We also obtain a homological identity which describes the relationship between the Nakayama automorphisms of skew Calabi-Yau locally finite positively graded algebras and their normal extensions. As a preliminary, we show that the Nakayama automorphisms of skew CalabiYau algebras always send a regular normal element to a multiple of itself by a unit.
Introduction
Since their introduction [8] in 2006, Calabi-Yau algebras have attracted considerable attention due to their fruitful connections to other topics in mathematics and physics. Skew or twisted Calabi-Yau algebras slightly generalize Calabi-Yau algebras by loosing some of their symmetry. It is well-known that a connected graded algebra is skew Calabi-Yau in the graded sense if and only if it is Artin-Schelter regular [15] . We concern with the general situation, not-necessarily connected, for skew Calabi-Yau property. Interesting examples of such algebras arise naturally as factor algebras of quiver algebras [2, 3] , and as smash products of (connected graded) algebras by Hopf algebras [11] .
Normal extension is a common effective method to construct new algebras with specific ringtheoretic or homological properties. By definition, an algebra A is a normal extension of another algebra B if there exists a regular normal non-invertible element ∈ A such that A/( ) B. In the graded context we shall require that is homogeneous and the isomorphism is as graded algebras. This work studies the behavior of the skew Calabi-Yau property under normal extensions. Take advantage of Artin-Schelter regularity, it is not hard to see skew Calabi-Yau property is preserved under normal extension in the connected graded case. However, one needs new ideas and new techniques in the general situation. Our approach is independent of the theory of noncommutative dualizing complex and there is no priori assumption of neotherianness on algebras.
The main result of this paper (Theorem 3.1) approximately says that skew Calabi-Yau property is preserved under normal extensions for the larger class of locally finite positively graded algebras. It also gives an identity formula which describes the relationship between the Nakayama automorphisms of skew Calabi-Yau locally finite positively graded algebras and their normal extensions. This formula was also obtained in [15, Lemma 1.5] and [6, Theorem 2.6 ] under some extra conditions. An interesting preparatory result for the formula is Proposition 2.3, which states that the Nakayama automorphisms of skew Calabi-Yau algebras always send a regular normal element to a multiple of itself by a unit. 2010 Mathematics Subject Classification. 16E65, 16W50, 16S20, 14A22.
The paper is organized as follows. In section 2, we fix basic notations, recall the definition of skew Calabi-Yau algebras and reveal some features of the Nakayama automorphisms of skew Calabi-Yau algebras. Section 3 is the core of this paper. It is devoted to study the behavior of the skew Calabi-Yau property under normal extensions. In section 4, we consider the skew Calabi-Yau property for graded algebras endowed with a filtration by homogeneous subspaces from the perspective that their Rees algebras are normal extensions of their associated graded algebras.
Throughout the paper, all algebras and unadorned tensor products ⊗ are over a fixed field K. We reserve G to stand for an abelian group. For a ring A, a left (resp. right) A-module M and an element z ∈ A, we write λ z (resp. ρ z ) for the map M → M induced by the scalar multiplication of z on M. 
Preliminaries Let
The functor Σ γ acts as the identity map on morphisms. For M, N ∈ Mod G A, we write
Note that Hom We denote by Aut G (A) the group of automorphisms of A that preserve degrees, and by U(A 0 ) the group of units of A 0 . Every unit ξ ∈ U(A 0 ) gives rise to an automorphism c ξ ∈ Aut G (A) by a → ξaξ −1 .
Such an automorphism is said to be inner. (2) there is an automorphism µ ∈ Aut G (A) and an index l ∈ G such that
Here, 1 = id A denotes the identity map of A. (2) there is an index l ∈ G such that
Here, "AS" stands for Artin-Schelter, and connected means that A 0 = K and supp A ⊆ N r .
The next result reveals some features of the Nakayama automorphisms of skew-Calabi-Yau alge-
bras. An element z ∈ A is called σ-skew, where σ is an automorphism of A, if z · a = σ(a) · z for every element a ∈ A and σ(z) = z. Note that every central element is id A -skew; and if z is homogeneous and regular normal, then there exists a unique automorphism τ z ∈ Aut G (A) so that z is τ z -skew. In the sequel, let Z(A) be the center of A, which is a homogeneous subalgebra of A. 
Proposition 2.3. Let A be a G-graded algebra and d
to be the composition of following isomorphisms in Mod G A e :
Also, we write λ z (resp. ρ z ) for the scalar multiplication of z ∈ A on any left (resp. right) A-module.
Lemma 2.4. Let A be a G-graded algebra and d ≥ 0 an integer. Then 
To see Part (2) we may assume further that z is homogeneous of degree γ. It is not hard to check that the following diagram in Mod G A e is commutative:
Thereof, we have
A is the identity map and central elements are id A -skew, the last statement follows directly from (2).
Proof of Proposition 2.3. Fix an isomorphism
A µ be the composition of the following bijective maps
Immediately, it follows that
Then the above equation gives (2). By Lemma 2.4 (2), one has Υ ′ σ • ρ z = λ z and thereof
for every pair of automorphisms σ, τ ∈ Aut G (A). Taking inverse one obtains (1) . The last statement is a direct consequence of (2) and (3).
Remark 2.5. Let A be a connected Z r -graded algebra. Suppose A is Artin-Schelter regular (or weaker, Artin-Schelter Gorenstein [10] ). We conjecture that in this case the map Ξ :
3 is just the homological determinant defined by Jøgensen and Zhang [10] .
Next, we focus on the behavior of the skew Calabi-Yau property with respect to regradings. Let ϕ : G → H be a homomorphism of abelian groups. We denote by ϕ * (A) the H-graded algebra with the same underlying algebra as A and the H-grading given by
The map ϕ also induces a functor ϕ *
The underlying A-module structure of ϕ *
A (M) is the same as that of M. The acting of ϕ *
A on the morphisms is just the identity maps. Clearly, ϕ * A preserves projective resolutions.
Proposition 2.6. Let A be a G-graded algebra and ϕ : G → H a group homomorphism. If A is skew G-Calabi-Yau of dimension d then ϕ * (A) is skew H-Calabi-Yau of dimension d; and in this case,
Proof. Note that ϕ * (A) e = ϕ * (A e ) as H-graded algebras, and A admits a projective resolution in Mod G A e with each term finitely generated. By standard graded ring theory, we have
in Mod H ϕ * (A) e for every integer i ∈ Z. This gives the desired result.
Remark 2.7. We don't know whether ϕ 
Skew Calabi-Yau property under normal extension
In this section, we study the behavior of the skew Calabi-Yau property under normal extensions. In the connected Z r -graded case, it is equivalent to investigate the behavior of the AS-regularity under normal extensions, which is easy to handle. However, in the general situation, the AS-regularity plays no role and thereof one needs new ideas and new techniques.
The following notations are employed. We reserve R to stand for a G-graded algebra on which a homogeneous regular normal non-invertible element of degree ε is specified; we writeR := R/ R and consider it G-graded naturally; we define τ ∈ Aut G (R) by · a = τ (a) · for all a ∈ R.
Clearly, τ induces an automorphism τ ∈ Aut G (R) because τ ( ) = . Due to Proposition 2.3,
also induces an automorphism µ R,G ∈ Aut G (R). Generally, if σ ∈ Aut G (R) sends to ξ · for some ξ ∈ U(R 0 ), then we define σ ∈ Aut G (R) to be the induced automorphism of σ.
The whole section is devoted to prove the following result.
Theorem 3.1. Suppose that R is locally finite and there is a group homomorphism p
The proof of this theorem will be addressed after some preparatory results. In the following example, we deal with the quantum affine space as a first toy application of this theorem. 
is the algebra generated over K by generators x 1 , · · · , x n with relations:
It is known that A is skew Calabi-Yau of dimension n with Nakayama automorphism µ A satisfies to see that the induced map τ x s ∈ Aut Z (A) is given by x i → q is x i . Let q ′ (resp. q ′′ ) be the matrix obtained by deleting the last row and the last column (resp. first row and first column) of q. Then
as Z-graded algebras. By induction, we know A ′ , A ′′ are skew Z-Calabi-Yau of dimension n − 1, and their Nakayama automorphisms satisfy
respectively. Now apply Theorem 3.1 and Proposition 2.6, the desired result follows immediately.
Next, let us proceed to show Theorem 3.1. Among all, one shall lift the homological smoothness under normal extensions, which turns out to be the most troublesome step of our demonstration. For the fluency of reading, we postpone the proof of the next proposition to the end of this section. In the sequel, one shall bear in mind the following observations: for a G-graded algebra A, the 
Lemma 3.4 (Rees' Lemma). There is a natural isomorphism
Proof. It follows from the collapsing of the following spectral sequence in Mod
Note that Ext 
Proof. Consider the following commutative diagram in Mod
where the top row is the long Ext-sequence associated to 0 → Σ −ε
Lemma 3.4 to the 1st and 4th term of the bottom row, the result follows.
Proof. Apply Lemma 3.5 to (R e , 1 R ⊗ o ) with M = R, the assumption tells us that Ext
and there is an exact sequence in Mod G R e of the form 
Mod
GRe by Proposition 3.6. Note that every inner automorphism ofR is induced by that of R, so 
in Mod G A with each rows a complex and each # n a pullback square such that P −n is finitely generated and projective and ker(P −n ։ T −n ) is pseudo-coherent. The required conditions on # n assure T −n is pseudo-coherent, which guarantees this inductive construction. By standard abelian category theory, column morphisms between two adjacent rows form a quasi-isomorphism of complexes. So the
It is well known that finitely presented objects of Mod G R are closed under taking extensions and direct summands. SinceR is finitely presented and has projective dimension 1 in Mod G R, all finitely generated projective modules in Mod GR are in particular pseudo-coherent in Mod G R. Now the second statement follows directly from the first one and the graded version of [13, Theorem 7.3.5 (i)] .
Lemma 3.8. Suppose that R is -discrete as a left R-module and M ∈ Mod
G R is finitely generated and -torsionfree. Then, ifR ⊗ R M admits a projective resolution
in Mod GR with each term finitely generated, it follows that there is a projective resolution Proof. First we claim that for every finitely generated projective moduleQ ∈ Mod GR , there is a finitely generated projective module
with the linear topology generated by { U n } n≥0 , where U n is the subspace consists of all endomorphisms f :
is a complete topological algebra and the natural map
is a surjective homomorphism of algebras whose kernel consists of topologically nilpotent elements.
Therefore, by [18, Lemma 19] , there is an idempotent morphism e : L → L in Mod G R such that Q im(R ⊗ R e). Consequently, the module Q := im(e) ∈ Mod G R fulfills the requirement. Now assumeP * η − →R ⊗ R M is a projective resolution in Mod GR with each term finitely generated.
By the above claim, we may construct for every i ≥ 0 a finitely generated projective module
Note that for every pair of modules
It is easy to seeR ⊗ R coker η cokerη, so coker(η) = 0 and hence η is surjective.
We proceed to construct the desired maps d −n for n ≥ 1 inductively. For convenience, we write
is the canonical projection induced bȳ d −n . The same reason assuring η is surjective also implies that p n is surjective. Define
This finishes the inductive step and proves that the desired morphisms d
The second statement is clear by the first one and the following two facts. One is that the functor 
Homo-filtrations
The theory of filtered rings and filtered modules has been well developed in literatures. In this section, we are interested in graded algebras endowed with a filtration by homogeneous subspaces. It turns out that the skew Calabi-Yau property can be lifted from the associated graded algebra to the original homo-filtered algebra under some mild conditions.
In the sequel, we writeḠ = Z × G. Given a G-graded algebra A, the Laurent algebra A[t, t Note that t is a regular central homogeneous element of R F (A) of degree (1, 0).
The next two trivial but key lemmas make it possible to lift information from the associated graded algebra to the homo-filtered algebra in a unified and elegant way. 
It is easy to check that ν ∈ Aut G (A), µ R,Ḡ = R F (ν) and µ G F (A),Ḡ = G F (ν). So it remains to see that It is well-known that Weyl algebras are Calabi-Yau. There are a number of distinct approaches to this conclusion, see [1, 5, 9, 12, 17] . We provide a new one in the following example. We conclude this section with an application of our results to Ore extensions. Proof. Let F = {F n E} n∈Z be the positive homo-filtration on E with each layer F n E := i≤n Ax i . For an element a ∈ R F (E) = n∈Z (F n E)t n , we denote byā the coset of a in G F (E) = R F (E)/(t). Clearly, := xt ∈ G F (E) is a homogeneous regular normal non-invertible element of degree (1, ε). Let ι : G →Ḡ 
follows thatū is a unit in G F (E) by Proposition 2.3. Thus, u is a unit in A.
